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engineering. Deterministic techniques based on mathematic programming become invalid when the models
are non-differentiable or explicit mathematical descriptions do not exist. Recently, evolutionary algorithms are
gaining popularity for DOPs as they can be used as robust alternatives when the deterministic techniques are in-
valid. In this article, a technology named ranking-based mutation operator (RMO) is presented to enhance the
previous differential evolution (DE) algorithms to solve DOPs using control vector parameterization. In the
RMO, better individuals have higher probabilities to produce offspring, which is helpful for the performance
enhancement of DE algorithms. Three DE-RMO algorithms are designed by incorporating the RMO. The three
DE-RMO algorithms and their three original DE algorithms are applied to solve four constrained DOPs from the
literature. Our simulation results indicate that DE-RMO algorithms exhibit better performance than previous
non-ranking DE algorithms and other four evolutionary algorithms.
© 2016 The Chemical Industry and Engineering Society of China, and Chemical Industry Press. All rights reserved.
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1. Introduction

Dynamic optimization problems (DOPs) are often encountered in
chemical engineering, as most industrial process models are time-
dependent and described by differential equations. The solution of
DOPs is usually very difficult because of their highly nonlinear andmul-
tidimensional nature, as well as the presence of constraints on state and
control variables and implicit process discontinuities [1]. Given the
profound importance of DOPs in industrial and engineering prac-
tices, developing efficient methods for DOPs has attracted great in-
terest. Dynamic optimization methods can be roughly divided into
three categories: dynamic programming (DP), indirect methods,
and direct methods.

Classic DPmethod relies on Bellman's optimality [2]. DP is a success-
ful method for solving DOPs, except for dimension curse. To overcome
this drawback, Luus [3] proposed iterative dynamic programming
method by use of coarse grid points and search region reduction strate-
gies. However, its high computational cost for systems involving a large
number of differential-algebraic equations has restricted its application
to problems on a smaller scale [4].
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With indirect methods, DOPs are solved by using Pontryagin's max-
imum principle [5]. It converts the original problem into a two-point
boundary value problem,which rarely has an analytical solution and re-
quires numerical alternative such as shooting method [6]. The two-
point boundary value problem is always extremely difficult to solve,
especially in the presence of point or path constraints on state variables.
Therefore, indirect methods are extremely complicated to apply in
practice.

Direct methods transform the original dynamic problem (which is
infinite dimensional) into a finite dimensional non-linear programming
(NLP) problem, either using complete parameterization (CP) [7] or con-
trol vector parameterization (CVP) [8,9]. CP method, also named simul-
taneous strategy, discretizes both state and control variables. This full
discretization results in a large-scale NLP and specialized NLP solvers
have to be used to solve the NLP efficiently. The CP method has been
recently reviewed by Kameswaran and Biegler [7]. CVP method only
discretizes control variables and transforms original DOP into an NLP
where the system dynamics (differential equations) must be solved
for each evaluation of the performance index. The dimension of the
NLP problems in CVP is much smaller than that in CP. Therefore, CVP
is relatively easier to implement, and a large number of optimization
algorithms, including deterministic gradient-based algorithms [8] and
stochastic optimization algorithms [10], have been combined with
CVP to deal with DOPs.

TheNLPs from the application of direct approaches (such as CVP) are
frequently multimodal. Deterministic gradient-based algorithms may
converge to local optima, especially if they are started far away from
ustry Press. All rights reserved.
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the global solution [9]. In addition, explicitmathematical descriptions of
industrial model sometimes do not exist, and methods based on gradi-
ent information may become incapable. To surmount these difficulties,
stochastic optimization algorithms based on evolutionary computing
can be used as robust alternatives. The use of evolutionary methods to
optimize DOPs, including genetic algorithm [10–12], simulated anneal-
ing [13,14], particle swarm optimization [15–17], and scatter search
[18], has received increasing interest.

Differential evolution (DE) is a population based stochastic optimi-
zation technique, invented by Storn and Price [19]. Since its inception
in 1995, it has emerged as a very competitive form of evolutionary com-
puting. The use of DE algorithms to solveDOPs also has drawn the atten-
tion of many researchers [20]. Chiou andWang [20] developed a hybrid
DE algorithm by embedding an acceleration phase and a migration
phase into the original DE algorithm to solve DOPs in fed-batch fermen-
tation process. Kapadi and Gudi [21] employed standard DE (SDE) to
solve optimal control and parameter selection problems of fed-batch
fermentation involving general constraints on state variables. To speed
up DE and solve DOPs, Babu and Angira [22] introduced modified DE
(MDE) that utilizes only one set of population compared with the two
sets in the original DE at any given time point in a generation. Angira
and Santosh [1] suggested the use of trigonometric DE (TDE) to solve
DOPs encountered in chemical engineering. Fan et al. [23] proposed a
hybrid DE algorithm called Alopex-DE by integrating Alopex to solve
DOPs of chemical processes.

Das and Suganthan [24] pointed out that DE's weak selective
pressure (due to unbiased selection of parents or target vectors)
may result in inefficient exploitation. To overcome this weakness,
Gong and Cai [25] presented a ranking-based mutation operator
(RMO) for DE algorithms, in which better individuals have larger
possibilities to be selected in mutation operator. This study deals
with the utilization of RMO to enhance the performance of CVP-
based DE algorithms for DOPs. The DOPs are first converted into
NLP problems by CVP approach; then the RMO is incorporated into
three DE algorithms, SDE [21], MDE [22], and TDE [1], to obtain
three ranking-based differential evolution (DE-RMO) algorithms,
i.e., SDE-RMO, MDE-RMO, and TDE-RMO, to solve DOPs. Three DE-
RMO algorithms and their non-ranking DE algorithms are applied
to solve four constrained DOPs from previous studies. The simulation
results indicate that the DE-RMO algorithms can provide better find-
ings in terms of solution accuracy and convergence speed compared
with previous non-ranking DE algorithms.

2. Formulation of Dynamic Optimization Problems

Dynamic optimization allows the computation of optimal operating
policies to minimize (or maximize) a predefined performance index
[18]. The objective function is formulated as

min J ¼ ψ x t f
� �

; t f
� �þ Z t f

t0
ϕ x tð Þ;u tð Þ; tð Þdt ð1Þ

where J is the objective function, ψ(x(tf), tf) is a Mayer item, and

∫t ft0ϕðxðtÞ;uðtÞ; tÞdt is a Lagrangian term.
The dynamic model of a chemical process is often described by

differential equations as follows:

_x tð Þ ¼ f x tð Þ;u tð Þ; tð Þ; t ∈ t0; t f
� � ð2Þ

x t0ð Þ ¼ x0 ð3Þ

where x(t)∈Rn denotes the vector of state variables, u(t)∈Rm denotes
the vector of control variables (or operational variables), and x(t0)=
x0 is the initial conditions.

Four kinds of constraints may exist in the DOPs. They are path in-
equality constraints, path equality constraints, terminal inequality
constraints, and terminal equality constraints. Path constraints should
be satisfied in the entire time interval [t0, tf], i.e.,

gpathi x tð Þ;u tð Þ; tð Þ≤0; i ¼ 1;⋯; l ð4Þ

hpath
i x tð Þ;u tð Þ; tð Þ ¼ 0; i ¼ lþ 1;⋯; p: ð5Þ

Terminal constraints should be satisfied only at the end of the
process, i.e.,

gendi x t f
� �

;u t f
� �

; t f
� �

≤0; i ¼ 1;⋯; k ð6Þ

hend
i x t f

� �
;u t f
� �

; t f
� � ¼ 0; i ¼ kþ 1;⋯; q: ð7Þ

Control variables may be subject to lower and upper bounds as
follows:

uL ≤u≤uU: ð8Þ

3. Differential Evolution Algorithms

DE is a population-based stochastic optimizer in the continuous
search domain, proposed by Storn and Price [19]. It is capable of han-
dling non-differentiable, non-linear and multi-modal optimization
problems. DE initializes a population ofNP individuals and employsmu-
tation, crossover, and selection operators at each generation to evolve
its population toward the optimal direction. DE population initializes
NP individuals (each individual is called a target vector) from the search
space

X i ¼ xgi1; x
g
i2; :::; x

g
iD

� �
; i ¼ 1; :::;NP ð9Þ

where g denotes the generation counter and D defines the number of
variables.

After initialization, the mutation operator is applied to generate
mutant vector Vi

g for each target vector Xi
g. Many mutation strategies

are described in previous studies. A classical strategy is “DE/rand/1”:

Vg
i ¼ Xg

r1 þ F � Xg
r2−Xg

r3

� � ð10Þ

where F is a scale factor, r1, r2, and r3 are three mutually different inte-
gers randomly generated from [1, NP] and different from the target vec-
tor index i.

Aftermutation, DE employs a crossover operator to produce the trial
vector Ui

g between Xi
g and Vi

g. The crossover operator performed on
each component is

ug
ij ¼

vg
ij ; if rand≤CR or j ¼ jrand

xgij; otherwise

(
; j ¼ 1;2; :::;D ð11Þ

where CR is the crossover rate and jrand is a randomly generated integer
in {1, D}.

A selection operator then adopts a one-to-one competition between
Ui

g and Xi
g:

Xgþ1
i ¼ Ug

i ; if Ug
i is better than Xg

i
Xg

i ;otherwise

�
ð12Þ

DE repeats these three operators until a termination criterion is sat-
isfied. Due to its simple structure, ease of use and good performance,
several DE algorithms have been proposed to deal with DOPs, such as
SDE [21], MDE [22], and TDE [1].

MDE is proposed to reduce the computational time of original DE
and optimize DOPs [22]. It utilizes only one set of population compared
with the two sets in the original DE. If a generated trial vector Ui

g is
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better than its corresponding target vectorX i
g, the former is immediately

copied into the current population and participates in the mutation.
Such an improvement enhances the convergence speed, with less func-
tion evaluations as compared to DE. The detailed implementation of
MDE can be found in [22].

TDE was proposed by Fan and Lampinen [26], in which a new local
search operation, i.e., trigonometric mutation operation (TMO), is em-
bedded into the original DE. Angira and Santosh [1] dealt with the
application and evaluation of TDE to solve DOPs. In TDE, the TMO is per-
formed according to the following equation

Vg
i ¼ Xg

r1 þ Xg
r2 þ Xg

r3

� �
=3þ p2−p1ð Þ Xg

r1−Xg
r2

� �þ p3−p2ð Þ Xg
r2−Xg

r3

� �
þ p1−p3ð Þ Xg

r3−Xg
r1

� �
ð13Þ

where p1=|f(X r1
g )|/p′ ,p2=|f(Xr2

g )|/p′ ,p3=|f(X r3
g )|/p′ ,and p′=|f(Xr1

g )|+
|f(Xr2

g )|+|f(Xr3
g )|.

TDE performs the TMO with a probability Mt and performs the
“DE/rand/1” using Eq. (10), with a probability 1-Mt. The detailed
procedure of TDE can be found in literature [1].

4. Ranking-based Differential Evolution Algorithms for DOPs

In this section, we present the ranking-based DE algorithms for
constrained DOPs. First, we state the CVP approach. Next, the RMO
technology is described. Finally, we integrate RMO into previous DE
algorithms to form three ranking-based differential evolution (DE-RMO)
algorithms for constrained DOPs.

4.1. CVP approach

The original DOP is an infinite-dimensional optimization prob-
lem, as the control vector u(t) to be optimized is a continuous func-
tion of time t. Therefore, CVP [8] is required to transform original
problem into a finite-dimensional NLP problem. In the present
work, time interval [t0, tf] is divided into N stages and the ith time
stage is [ti−1, ti](i=1,2, ... ,N). Control variables are approximated
by constant functions in the ith stage [ti−1, ti]. Hence, the coding of
optimization variables are expressed as

X ¼ u11;⋯;u1N½|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
u1

;u21;⋯;u2N|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
u2

;⋯;um1;⋯;umN �|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
um

ð14Þ

where uji(j=1,2, ... ,m; i=1,2, ... ,N) is the approximation of the jth
control variable uj in the ith time stage. After discretization, an opti-
mization algorithm can be applied to select the optimal values of X.
During optimization, the differential equations [i.e., Eqs. (2) and
(3)] must be solved using a differential equations solver for each
evaluation of the objective function value (OFV).

There are four kinds of constraints in the DOPs: path inequality con-
straints, path equality constraints, terminal inequality constraints, and
terminal equality constraints. To deal with the path inequality con-
straints (i.e. Eq. (4)) and path equality constraints (i.e. Eq. (5)), p
additional variables xn+1, . . . ,xn+ l ,xn+ l+1 , . . . ,xn+p, called
state constraint variables [27], are introduced using the following
relationship

_xnþi tð Þ ¼ max gpathi x tð Þ;u tð Þ; tð Þ;0
�n o

; i ¼ 1;⋯; l ð15Þ

_xnþi tð Þ ¼ hpathi x tð Þ;u tð Þ; tð Þ
			 			; i ¼ lþ 1;⋯;p ð16Þ

with the initial condition expressed as

xnþi 0ð Þ ¼ 0; i ¼ 1;⋯; p: ð17Þ
The final value xn+ i(tf) gives the total violation of ith path constraint
integrated over the entire time interval.

For terminal inequality constraints (i.e. Eq. (6)) and terminal
equality constraints (i.e. Eq. (7)), the constraint violations can be cal-
culated as

max gendi x t f
� �

;u t f
� �

; t f
� �

;0
n o

; i ¼ 1;⋯; k ð18Þ

and

max hendi x t f
� �

;u t f
� �

; t f
� �			 			; i ¼ kþ 1;⋯; kþ q: ð19Þ

The overall constraint violation(OCV) is the sum of all path and ter-
minal constraint violations, calculated as follows.

OCV ¼
Xp
i¼1

xnþi t f
� �

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
path constraint violation

þ
Xk
i¼1

max gendi ;0
n o

þ
Xq
i¼kþ1

hendi

			 			
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

terminal constraint violation

: ð20Þ

After obtaining the objective values and overall constraint violations
of all individuals in theDE algorithms, Deb's feasibility-based rule [28] is
used to compare two solutions.

Given two individuals X1 and X2, their corresponding objective
function values and overall constraint violations are (OFV1, OCV1) and
(OFV 2, OCV2). X1 is said to be better than X2, if any of the following
three conditions is met:

(1) both X1 and X2 are infeasible, and OCV1 b OCV 2;
(2) X1 is feasible, but X2 is infeasible;
(3) both X1 and X2 are feasible, and OFV 1 b OFV 2.

Compared with the penalty function constraint-handling method,
Deb's feasibility-based rule does not introduce any sensitive parameter.
Interested readers can read the survey paper of constraint-handling
methods by Mezura-Montes and Coello [29].

4.2. Ranking-based mutation operator

Previous studies indicate that the DE algorithms may suffer from
low convergence speed, because of the unbiased selection of par-
ents in mutation operators [24]. Recently, Gong and Cai [25] intro-
duced the ranking-based mutation operator into DE. In the RMO,
better individuals have more chance to be utilized to produce off-
spring, which is helpful for the performance enhancement of DE
algorithms.

This paper uses RMO to enhance the performance of DE to solve
constrained DOPs. Therefore, the RMO technology is integrated into
CVP-based DE algorithms. A feasibility-based ranking technique is
used to sort the DE population from best to worst. The feasibility-
based ranking technique is based on Deb's feasibility-based rule
[28] described in subsection 4.1. It is described as follows:

(1) feasible individuals are sorted before infeasible individuals;
(2) feasible individuals are sorted on the basis of their OFVs;
(3) infeasible individuals are sorted on the basis of their OCVs.

Gong et al. [30,31] have proposed some adaptive ranking mutation
technique for constrained DE, but our feasibility-based ranking tech-
nique is much simpler compared with the adaptive ranking mutation
technique, which may be more suitable for chemical DOPs.

To realize the feasibility-based ranking technique, we first calculate
the objective function values and overall constraint violations of each
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individual Xi by CVP approach. Then, a quick sort algorithm can be used
to sort the whole population from best to worst.

Subsequently, the ranking Ri of ith vector is assigned as

Ri ¼ NP−i; i ¼ 1;2; :::;NP ð21Þ

whereNP is the population size. According to Eq. (21), the best vector in
the current population will give the highest ranking.

The selection probability of ith individual is calculated as

pi ¼
Ri

NP
; i ¼ 1; :::;NP: ð22Þ

The individuals in the RMO are finally selected according to the
selection probabilities. The ranking-based individual selection in
RMO is illustrated in Fig. 1. The individuals with higher rankings
(or selection probabilities) are more likely to be chosen in the muta-
tion operator. This is beneficial for the performance enhancement of
DE algorithms.
Fig. 1. Ranking-based individual selection in RMO.
4.3. Implementations of DE-RMO algorithms

In this work, the RMO is incorporated into SDE [21], MDE [22],
and TDE [1] to form three DE-RMO algorithms, namely SDE-RMO,
MDE-RMO, and TDE-RMO, to solve constrained DOPs. We choose
these three DE algorithms because all of them can be realized easily,
which is beneficial for chemical DOPs. Here we only describe TDE-
RMO in detail. The main procedure is given as follows.

Step 1: Initial a population with NP individuals. Set scale factor F,
crossover rate CR, and trigonometric mutation probability Mt.

Step 2: Calculate the OFV and OCV for each individual using the CVP
approach. The explicit Runge–Kutta method is used to solve the differ-
ential equations.

Step 3. Sort the population according to the feasibility-based ranking
technique.

Step 4: For each individual, do Steps 5–8.
Step 5: If rand b Mt, perform the TMO according to Eq. (13); else,

perform the RMO according to Fig. 1 and Eq. (10).
Step 6: Perform the crossover operator according to Eq. (15).
Step 7: Calculate the OFV and OCV for each individual using the CVP

approach.
Step 8: Perform the selection operator Eq. (11) based on Deb's

feasibility-based rule.
Step 9: Return to Step 3 until the termination condition is met.
Step 10: Output the best solutions.
Fig. 2. illustrates the flowchart of TDE and TDE–RMO for DOPs. From
Fig. 2, we can see that the differences between TDE and TDE–RMO are:
(1) TDE–RMO needs to sort the DE population before the mutation op-
erators; (2) TDE–RMO employs RMO, while TDE employs the classic
"DE/rand/1". However, bothmodifications can be easily realized. There-
fore, TDE-RMO does not significantly increase the complexity of TDE
algorithm.

5. Case Studies

In this section, the DE-RMO algorithms are applied to four
constrained DOPs by CVP. First, we state the simulation setup for
this study. Subsequently, simulations are conducted to compare the
DE-RMO algorithms with their non-ranking DE algorithms. Finally,
TDE-RMO is compared with some other stochastic optimization
algorithms.

5.1. Simulation setup

Four constrained DOPs from the literature are used to evaluate the
performance of the DE-RMO algorithms. The parameter settings of
these DE algorithms are in Table 1.

Three evaluation criteria are adopted tomeasure the performance of
the algorithms.

BOFV (best objective function value): it records the best objective
function values when the maximal number of function evaluation
maxNFES is reached. The best, mean, and worst BOFV, as well as the
standard deviations (std), are presented. BOFV measures the solution
accuracy of an algorithm.

SR (success rate): It is equal to the number of successful runs over
total runs. A success run means that within maxNFES, the algorithm
finds a solution with satisfactory precision Js.

ANFES: It is used to record the average number of function evalua-
tions for an algorithm to find a solution with satisfactory precision Js.
ANFES measures the convergence speed of an algorithm.

5.2. Simulation results

The DE-RMO algorithms and their non-ranking DE algorithms are
used to solve four constrained DOPs. All algorithms are coded in
matlab. The built-in routine “ode45” is chosen as differential equa-
tion solver.

5.2.1. Problem 1 — constrained van der Pol oscillator
This problem is extracted from a previous study [32] and described

as follows.

min J ¼ x3 t f
� �

s:t:

_x1 ¼ 1−x22
� �

x1−x2 þ u
_x2 ¼ x1
_x3 ¼ x21 þ x22 þ u2

x 0ð Þ ¼ 0;1;1½ �;−0:3≤u≤1:0; t f ¼ 5

8>><
>>:

ð23Þ

The following path constraint is imposed on x1(t), i.e.,

x1 tð Þ≥−0:4: ð24Þ

For problem 1, the time interval is divided intoN=20 stages in CVP
approach. BOFV is recorded whenmaxNFES reaches 30000, and the sat-
isfactory solution precision is set as Js=2.97500. The values ofmaxNFES
and Js are set based on the numeric experiments, because we cannot
know the best objective function values in advance for a real-world
DOP.

Table 2 shows the results of these DE algorithms. The boldface
means that DE-RMO algorithms are better than their corresponding
non-ranking DE algorithms. Thus our proposed DE-RMO algorithms
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Fig. 2. Flowcharts (a) TDE for DOPs (b)TDE-RMO for DOPs.
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provide consistently more accurate solutions than their corresponding
non-ranking DE algorithms with respect to BOFV. Considering the std.
of BOFV, we find that all of the DE-RMO algorithms give smaller std.
values than their corresponding non-ranking DE algorithms. Thus the
RMO is able to enhance the robustness of the previous DE algorithms.
All three DE-RMO algorithms succeed in finding satisfactory solutions
for each of 20 runs. In terms of ANFES, DE-RMO algorithms get less
ANFES compared with their corresponding non-ranking DE algorithms,
so that DE-RMOalgorithms converge faster. Considering the overall per-
formance, TDE-RMO ranks the first, followed by MDE-RMO, TDE, SDE-
RMO, MDE, and SDE.

The reported best result 2.95436 is obtained by Vassiliadis et al. [32],
with a gradient-based algorithm. Our best result 2.97228 iswithin 0.61%
Table 1
Parameter settings for the DE algorithms

Algorithm Parameter settings

SDE, SDE-RMO NP = 5D, F = 0.5, CR = 0.9;
MDE, MDE-RMO NP = 5D, F = 0.5, CR = 0.9;
TDE, TDE-RMO NP = 5D, F = 0.5, CR = 0.9, Mt = 0.1

Table 2
Numerical results for problem 1

Algorithm Best Mean Worst Std SR ANFES Rank

SDE 2.97381 2.97508 2.97713 7.94 × 10−4 9/20 \① 6
SDE-RMO 2.97231 2.97233 2.97238 1.82 × 10−5 20/20 15500 4
MDE 2.97340 2.97390 2.97544 4.64 × 10−4 19/20 28331 5
MDE-RMO 2.97229 2.97230 2.97235 1.23 × 10−5 20/20 13450 2
TDE 2.97229 2.97255 2.97347 3.43 × 10−4 20/20 15425 3
TDE-RMO 2.97228② 2.97228 2.97232 8.67 × 10−6 20/20 9105 1

Boldface mean the results of DE-RMO algorithms are better than their non-ranking DE
algorithms.

① ANFES is not recorded because of the low SR value
② Means the best value obtained in this work.
of the reported best value. Fig. 3 illustrates the optimal control profile
and the path constraint trajectory obtained by the TDE-RMO. The opti-
mal control profile is in agreement with that in [32]. The path constraint
x1(t)≥ −0.4 is satisfied, and it is active in the interval [0.494, 1.650].

5.2.2. Problem 2 — mathematical system with nonlinear inequality
constraint

The mathematical model of this problem is presented as [27]

min J ¼ x3 t f
� �

s:t:

_x1 ¼ x2
_x2 ¼ −x2 þ u
_x3 ¼ x21 þ x22 þ 0:005u2

x 0ð Þ ¼ 0;−1;0½ �;−20≤u≤20; t f ¼ 1

8>><
>>:

ð25Þ

The system should satisfy an inequality path constraint:

h x; tð Þ ¼ x2−8 t−0:5ð Þ2 þ 0:5≤0: ð26Þ

For problem 2, the time interval is divided into N = 20 stages,
and other parameters are: D = 20, maxNFES = 60000, and Js =
0.17500. Table 3 shows the results of these DE algorithms. The DE-
RMO algorithms consistently give better results than their correspond-
ing non-ranking DE algorithms in terms of BOFV, SR and ANFES. Hence,
the RMO is able to enhance the solution accuracy, success rate, and con-
vergence speed of DE algorithms. TDE-RMO gives the best performance
in this problem, followed by MDE-RMO, TDE, SDE-RMO, MDE, and SDE.
Mekarapiruk and Luus [27] divided the interval into N= 20 stages and
achieved a value of 0.17266with the iterative dynamic programming al-
gorithm. Our best result 0.17272 is very close to their result. The optimal
control profile and the path constraint trajectory obtained by the TDE-
RMO are plotted in Fig. 4. The optimal control profile is in agreement
with that in [27], and the path constraint h(x, t)≤0 is active in the inter-
val [0.290, 0.706].
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Fig. 3. The optimal control profile and the path constraint trajectory for problem 1.

Table 3
Numerical results for problem 2

Algorithm Best Mean Worst Std SR ANFES Rank

SDE 0.17431 0.17546 0.17762 8.09 × 10−4 7/20 \① 6
SDE-RMO 0.17276 0.17284 0.17309 8.33 × 10−5 20/20 32140 4
MDE 0.17376 0.17453 0.17596 5.71 × 10−4 15/20 75500 5
MDE-RMO 0.17274 0.17279 0.17288 4.42 × 10−5 20/20 29400 2
TDE 0.17273 0.17334 0.17469 5.74 × 10−4 20/20 29760 3
TDE-RMO 0.17272② 0.17281 0.17305 7.22 × 10−5 20/20 17550 1

Boldface mean the results of DE-RMO algorithms are better than their non-ranking DE
algorithms.

① ANFES is not recorded because of the low SR value.
② Means the best value obtained in this work.

Table 4
Numerical results for problem 3

Algorithm Best Mean Worst Std SR ANFES Rank

SDE 0.64490 0.64443 0.64366 3.29 × 10−4 0/20 \① 6
SDE-RMO 0.64580 0.64564 0.64521 1.35 × 10−4 20/20 37425 3
MDE 0.64502 0.64456 0.64391 2.65 × 10−4 1/20 \① 5
MDE-RMO 0.64580 0.64570 0.64546 9.08 × 10−5 20/20 33805 2
TDE 0.64569 0.64532 0.64468 2.77 × 10−4 18/20 50816 4
TDE-RMO 0.64586② 0.64569 0.64535 1.56 × 10−4 20/20 29125 1

Boldface mean the results of DE-RMO algorithms are better than their non-ranking DE
algorithms.

① ANFES is not recorded because of the low SR value.
② Means the best value obtained in this work.
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5.2.3. Problem3— optimal operation for a batch reactorwith a cooling jacket
This problem formulates a first-order consecutive exothermic reac-

tion, A → P → S, occurring in a batch reactor with a cooling jacket [33].
The objective is to determine the optimal coolant flow rate u so that
product P is maximized. The problem is described as

max J ¼ x2 t f
� �

s:t:

_x1 ¼ −k1x1
_x2 ¼ k1x1−k2x2
_x3 ¼ k2x2
_x4 ¼ 193:4524k1x1 þ 35:7143k2x2−8:8923 x4−x5ð Þ
_x5 ¼ 33:1978 x4−x5ð Þ−38:7940 x5−x6ð Þ
_x6 ¼ u

0:53
298−x6ð Þ þ 19:2925 x5−x6ð Þ

x 0ð Þ ¼ 0:975; 0:025; 0; 350; 373; 300½ �
0≤u≤9; t f ¼ 3:5

k1 ¼ 4:38� 104 exp
−3:49� 107

8314x4

 !

k2 ¼ 3:94� 105 exp
−4:65� 107

8314x4

 !

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

ð27Þ
0 0.2 0.4 0.6 0.8 1
-5

0

5

10

Time

C
on

tr
ol

 u
(t

)

(a) Optimal control profile u(t)

Fig. 4. The optimal control profile and the p
where x1, x2, and x3 denote the concentrations of A, P and S, respective-
ly; x4, x5, and x6 are the temperatures (in Kelvin) of contents, C, and jack-
et, respectively; u is the coolant flow rate (m3·h−1); k1 and k2 are the
reaction rate constants. The first three differential equations describe
the material balances, and other three differential equations describe
the energy balances.

Two constraints are path and terminal constraints.

x4 tð Þ≤370K
x4 t f
� �

≤320K ð28Þ

For problem 3, the time interval is divided intoN=20 stages, and the
other parameters are: D= 20,maxNFES=60000, and Js =0.64500. The
results of these DE algorithms are presented in Table 4. This problem is
more difficult than problems 1 and 2, as DE andMDE cannot find satisfac-
tory solutions withinmaxNFES. By contrast, all three DE-RMO algorithms
give SR of 20/20. Therefore, DE-RMO algorithms are more reliable than
their non-ranking DE algorithms. Overall, the results indicate that our
DE-RMO algorithms perform better than their corresponding non-
ranking DE algorithms in terms of BOFV, SR and ANFES. For this problem,
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TDE-RMO still ranks the first, followed by MDE-RMO, SDE-RMO, TDE,
MDE, and SDE.

Sun et al. [33] acquired a value of 0.6446, with the line-up competi-
tion algorithm. Our best result is 0.64586, better than that in [33]. The
optimal control profile and the constraint trajectory obtained by the
TDE-RMO are plotted in Fig. 5. The path constraint x4(t)≤370K is active
in the interval [1.151, 2.848], and terminal constraint x4(tf)≤320K is ac-
tive at the final time.

5.2.4. Problem 4 — optimal monoclonal antibody production
This problem considers the optimal monoclonal antibody produc-

tion in a hybridoma fed-batch reactor [34]. The problem is described as

max J ¼
Z t f

0
Ldt; L ¼ qMAbXv tð ÞV tð Þ

s:t:

dXv

dt
¼ μ−kdð ÞXv−

F1 þ F2ð Þ
V

Xv

dGlc
dt

¼ F1
V

Glcin−
F1 þ F2ð Þ

V
Glc−qGlcXv

dGln
dt

¼ F2
V

Glnin−
F1 þ F2ð Þ

V
Gln−qGlnXv

dLac
dt

¼ qLacXv−
F1 þ F2ð Þ

V
Lac

dAmm
dt

¼ qAmmXv−
F1 þ F2ð Þ

V
Amm

dMAb
dt

¼ qMAbXv−
F1 þ F2ð Þ

V
MAb

dV
dt

¼ F1 þ F2

x 0ð Þ ¼ 2� 108 25 4 0 0 0 0:8
h i

;0:0≤ F1≤0:5;0:0≤ F2 ≤0:5; t f ¼ 10

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

ð29Þ

where Xv, Glc, Gln, Lac, Amm, and MAb are the concentrations in viable
cells, glucose, glutamine, lactate, ammonia, and monoclonal antibodies,
respectively; V is the fermenter volume; Glcm and Glnm are the concen-
trations of glucose and glutamine in the feed stream, respectively; the
control variables F1 and F2 are the volumetric feed rate of glucose and
glutamine, respectively. The mathematical expressions of the specific
rates μ, kd, qGln, qGlc, qLac, qAmm, qMAb, and the system parameters are pro-
vided in [34].
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Fig. 5. The optimal coolant flow rate and th

Table 5
Numerical results for problem 4

Algorithm Best Mean Worst

SDE 331.65980 330.46431 328.82462
SDE-RMO 334.02530 333.67352 333.28913
MDE 332.05848 330.83603 329.81007
MDE-RMO 334.07852 333.84554 333.48348
TDE 334.31220 333.95562 333.03898
TDE-RMO 334.63338② 334.55889 334.20336

Boldface mean the results of DE-RMO algorithms are better than their non-ranking DE algorith
① ANFES is not recorded because of the low SR value.
② Means the best value obtained in this work.
In this problem, the value of V(t) is constrained by

V tð Þ≤V max;V max ¼ 2: ð30Þ

For this problem, the time interval is divided into N=20 stages, and
the other parameters are: D = 20, maxNFES = 150000, and Js =
333.50000. Table 5 presents the results of the six DE algorithms. Our
DE-RMO algorithms perform better than their non-ranking DE algo-
rithms. The optimal control profile and the constraint trajectory are
plotted in Fig. 6. The path constraint is active at the final time.

According to the simulation results, it can be concluded that:

• DE-RMO algorithms perform better than the non-ranking DE algo-
rithms in terms of solution accuracy, success rate, and convergence
speed for DOPs. The better performance of DE-RMOalgorithms should
be attributed to the introduction of RMO.

• The path constraints and terminal constraints are active at the optimal
solutions in the four DOPs.

• TDE-RMO provides the best performance among all the used DE algo-
rithms. It is suggested to be used as an efficient optimizer to solve
DOPs in the future.

5.3. Further comparison with other evolutionary algorithms

In the previous subsection, the performance of DE-RMO algorithms
verified by solving four DOPs. TDE-RMO provides the best results
among three DE-RMO algorithms. To provide additional comparison
for reference, TDE-RMO is compared with four other evolutionary algo-
rithms, adaptive particle swarmoptimization (APSO) [35], real-code ge-
netic algorithm (RCGA) [36], artificial bee colony (ABC) [37], and
teaching–learning-based optimization (TLBO) [38]. The parameters of
these four algorithms are set as recommended in their original litera-
ture. All the algorithms use the same constraint-handling method as
that in TDE-RMO. Table 6 shows TDE-RMO is better than these four
algorithms on all problems. BOFV of TDE-RMO are more accurate and
better than those of other algorithms. TDE-RMO also provides the
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Std SR ANFES Rank

9.54 × 10−1 0/20 \① 6
2.24 × 10−1 15/20 178800 4
5.25 × 10−1 0/20 \① 5
1.76 × 10−1 18/20 139900 3
3.36 × 10−1 18/20 128366 2
9.05 × 10−2 20/20 64010 1

ms.



Table 6
Comparison between TDE-RMO and other evolutionary algorithms

Algorithm Best Mean Worst Std ANFES SR Rank

Problem 1 (min) TDE-RMO 2.97228 2.97228 2.97232 8.67 × 10−6 9105 20/20 1
APSO 2.97286 2.97445 2.97728 1.36 × 10−3 22986 14/20 3
RCGA 2.9882 3.01574 3.11665 2.82 × 10−2 \① 0/20 4
ABC 3.00186 3.05708 3.14474 4.28 × 10−2 \① 0/20 5
TLBO 2.97241 2.97361 2.9757 9.33 × 10−4 19984 18/20 2

Problem 2 (min) TDE-RMO 0.17272 0.17281 0.17305 7.22 × 10−5 17550 20/20 1
APSO 0.17454 0.18093 0.21948 1.51 × 10−2 \① 4/20 3
RCGA 0.22994 0.28288 0.32948 2.42 × 10−2 \① 0/20 4
ABC 0.43229 0.59199 0.77423 9.90 × 10−2 \① 0/20 5
TLBO 0.17327 0.17424 0.17655 1.06 × 10−3 38824 16/20 2

Problem 3 (max) TDE-RMO 0.64586 0.64569 0.64535 1.56 × 10−4 29125 20/20 1
APSO 0.64335 0.62989 0.5964 1.55 × 10−2 \① 0/20 4
RCGA 0.63917 0.63663 0.63464 1.30 × 10−3 \① 0/20 3
ABC 0.59538 0.58408 0.56226 9.19 × 10−3 \① 0/20 5
TLBO 0.64533 0.64389 0.64058 1.55 × 10−3 \① 4/20 2

Problem 4 (max) TDE-RMO 334.63338 334.55889 334.20336 9.05 × 10−2 64010 20/20 1
APSO 329.25381 321.37311 281.31247 11.1 \① 0/20 4
RCGA 325.14648 323.41749 321.47966 1.19 \① 0/20 3
ABC 300.78203 295.12948 283.72424 4.82 \① 0/20 5
TLBO 334.60868 334.3452 333.67363 3.01 × 10−1 58268 20/20 2

Boldface mean the best results among TDE-RMO, APSO, RCGA, ABC, and TLBO.
① ANFES is not recorded because of the low SR value.
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Fig. 6. The optimal coolant flow rate and the path constraint trajectory for problem 4.
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smallest std. of BOFV over 20 run. Considering the SR, TDE-RMO is the
most reliable. In terms of ANFES, TDE-RMO gets less ANFES compared
with their corresponding non-ranking DE algorithms, which means
that DE-RMO algorithms converge faster. The ranks of five algorithms
for the four DOPs are TDE-RMO, TLBO, APSO, RCGA, and ABC.

6. Conclusions

In this study, the RMO technology has been proposed to enhance
the DE algorithms to solve DOPs. Three DE-RMO algorithms
have been designed by incorporating the RMO. The DE-RMO algo-
rithms and their non-ranking DE algorithms are evaluated by
solving four constrained DOPs from the literature. The simulation
results demonstrate that the DE-RMO algorithms perform better
than previous non-ranking DE algorithms in terms of solution accu-
racy, success rate and convergence speed. Hence, the DE-RMO algo-
rithms can be used as promising alternatives to solve DOPs in the
future.
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